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Abstract

We propose a method for finding the Lax pairs and rational so-
lutions of integrable partial differential equations. That is, when an
equation possesses the Painlevé property, a Backlund transformation
is defined in terms of an expansion about the singular manifold. This
Bécklund transformation obtains (1) a type of modified equation that
is formulated in terms of Schwarzian derivatives and (2) a Miura trans-
formation from the modified to the original equation. By linearizing
the (Ricati-type) Miura transformation the Lax pair is found. On
the other hand, consideration of the (distinct) Bécklund transforma-
tions of the modified equations provides a method for the iterative
construction of rational solutions. This also obtains the Lax pairs for
the modified equations. In this paper we apply this method to the
Kadomtsev-Petviashvili equation and the Hirota-Satsuma equations.

1 Introduction

In [1] we have formulated a procedure for calculating the Lax pair and ra-
tional solutions of partial differential equations that possess the Painlevé
property. That is, for an equation with the Painlevé property, a Backlund
transformation is defined in terms of an expansion about the “singular man-
ifold”. This Bécklund transformation obtains (1) a type of “modified equa-
tion” that can be expressed in terms of Schwarzian derivatives and (2) a
Miura transformation from the modified to the original equation. By lin-
earizing the Ricati-type Miura transformation (and the modified equations),



the Lax pair is found. Then, further consideration of the Backlund trans-
formations for the modified equations provides a method for the iterative
construction of “rational” solutions, and finds the Lax pair for the modified
equations as well.

We recall that the partial differential equation is said to possess the
Painlevé property [2]-[7] when the solutions of the partial differential equa-
tion (pde) are “single valued” about the movable, singularity manifold and
the singularity manifold is “noncharacteristic.” To be precise, if the singu-
larity manifold is determined by

0(21,22y.-+y2n) =0, (1.1)
and v = u(z1,...,2,) is a solution of the pde, then we require that
o
u = * Zujgo“ , (1.2)
j=0
where ug # 0, ¢ = ¢(21,...,2y), and u; = u;(21,...,2,) are analytic func-

tions of (z;) in a neighborhood of the manifold (1.1) and « (the leading-order
exponent) is a (negative) rational number. The requirement that the mani-
fold (1.1) be noncharacteristic (for the pde) insures that the expansion (1.2)
will be well defined, in the sense of the Cauchy-Kovalevskaya theorem [8].
Substitution of(1.2) into the pde determines that value(s) of «, and defines
the recursion relations for uj, 7 = 0,1,2,... . When the expansion (1.2) is
well defined and contains the maximum number of arbitrary functions al-
lowed at the “resonances” [2], [9], [10], the pde is said to possess the Painlevé
property and is conjectured to be integrable. Informally, the resonances are
the values of j for which the u; are not “fixed” by the recursion relations
(i.e., are arbitrary).

The Backlund transformation is defined by truncating the expansion
(1.2) at the constant level term. That is, we set

w=upp "+ ure " oy, (1.3)

and find, from the recursion relations for u; and the condition that u; van-
ish for j > n, a system of equations for (¢, u;, j = j0,1,...,n)), where u,
will satisfy the (original) pde. This system of equations will, in general (de-
pending on the values of the resonances), be overdetermined. Upon solving
this system, it is found, for those equations considered, the ¢ satisfies an
equation formulated in terms of Schwarzian derivatives [3]:

-
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This equation, or system of equations, we regard as a type of modified
equation. By the invariance of (1.4) under the Moebius group,

p=(ap+0)/(cp+d), {pz}={g;z}, (1.5)

the “modified” equations allow the Bécklund transformation (1.5).

The above procedure may now be reapplied to the “modified” (or equiv-
alent) equations to find different forms of Bicklund transformations. These
Bécklund transformations may take the form of discrete symmetries [1],[5],
[6], reductions [1], or, as we shall see, more complicated structures. The
group of Backlund transformations for the modified equations may be con-
veniently employed to iteratively construct sequences of rational solutions.
Also, by linearizing the Miura transformation from modified to original equa-
tion we propose to calculate the Lax pair [1], [6].

In this paper we consider the Kadomtsev-Petviashvili (KP) equation and
the Hirota-Satsuma equations. The modified equations are derived, their
(modified) Bécklund transformations are calculated, and the sequences of
rational solutions are found.

2 The Kadomtsev-Petviashvili Equation

The Kadomtsev-Petviashvili equation

0
Uyy + %(Ut +UUy 4+ Uygyz) =0 (2.1)

possesses the Painlevé property [2]. The expansion about the singular man-
ifold (p = 0) is
0 .
U=¢? Z Ujp’ . (2.2)
j=0
with resonances at

j=-1,4,5,6 . (2.3)

Therefore, subject to the “noncharacteristic” condition (@, # 0 when ¢ =
0), {,Us,Us,Us} are arbitrary functions of (x,t) in the expansion (2.2).
The Bécklund transformation [2], [3] for Eq. (2.1) is

U= U()(,O_2 + U1<,0_1 + U, , (2.4)



which obtains

Uy = —12<p§ , U, = 1290M ,
2
‘Px (2 ‘P:z: (Pm

Yot + Przzr T Pyy + Pzzlo = 0.

We note that the system (2.5) is not overdetermined since (Uy, Us, Ug) may
vanish without restriction. From (2.4) and (2.5) it is found that

32
Pz Px ‘P:p (P:v

and )

0 ((py> 0 [ ¢ 1 ¢y
Oy \ g 0r \ ¢z {SO } 2 (P:% ( )

where 5 )

- ‘Pmc) 1 (‘P:z::v)
zl = — _Z . 2.9
(oo} = 5 (22) -5 (& (2.9

In terms of our procedure, Eq. (2.8) is the “modified” equation formulated
in terms of the Schwarzian derivative (2.9) and Eq. (2.7) is a “Miura” trans-
formation from Eq. (2.8) to Eq. (2.1). Equation (2.8) is invariant under the
Moebius group

= (ap +b)/(cyp +d) , (2.10)

where ad — be # 0.

To investigate the group of Backlund transformations for Eq. (2.8), it is
convenient to study various forms of “modified” equations that are equiva-
lent to (2.8). To begin we let

Pz » Z = (Pt/(P:v )
and find, from (2.8) and (2.11), the system of modified equations
2 1
Wy+a3 <Z+WT+Vx—§V2> =
u (2.12)
0 0
Vy:%(Wx‘i‘VW)a W:%(Zx‘i‘vz)a



where

Wy +WZy = Zy + ZW,, . (2.13)

Equations (2.12) and (2.13) are overdetermined. Equation (2.13) arises from
the condition Vi; = V;,. This system allows singularities of the form

Vo~ Voe? | W ~ woe” | Z ~ Zoe' (2.14)
where
(i) a=-1, B=v=0, Vo=0—2¢; (2.15)
(ii) a=B=vy=-1, Vo =€, wt =362 ; (2.16)
(i) a=-1, pf=-2, ~=0, (2.17)
Vo = 2¢, wo = €y , Zy = 4eg .

For (2.16) and (2.17) the resonances are
j=-1,0,2,2,2,3 (2.18)

and
j=-2,-1,1,2,3,4, (2.19)

respectively. The expansion about the singularity (2.16) contains the arbi-
trary functions (e, Zy, Vo, Wo, Zs, {V3, W3}). The Bicklund transformation
is

V:’Ugeil—i-‘/l, W:W()Gil—l—Wl, (2 20)
Z=2Zy '+ 2, '
where
Vo =ey , Wo = aey , =3, Zo = He, , (2.21)
V1:%<_6;1;:1: ae_erI;),
€x €x
2.22
W= L (catee ) (222
2 €z €z 2 )7
H? 1
Zli—H—x————%—x ge_yH,
€x 4 2 €y 2 €y
9 (2.23)
=2 Ho+ ) s o — 90t =0
Y oz i 4 € aex Y
and )
0 (e 0 [ & 1<ey>
I ) iy i : — (X2 =0. 2.24
oy <6m> + oz (ex e+ 2 \ e, (2:24)



To simplify the above let

V= emm/ew ) W = ey/em ’ Z = 6t/ew ) (2'25)
and find
(i) a(V+W)=W-W,
(ii) Vi—-V=H+ a(W + Wl) , (2.26)

(i) Z-Z =H,+(V+V)H,

where the auxiliary function H satisfies (2.23). Now (2.26) constitutes
a somewhat awkward Béacklund transformation (BT) for Egs. (2.12) and
(2.13), which can be simplified by identifying (2.12) with (2.8) through

V:r‘/)mm/r‘/)m ) Wi :(P:L‘m/(,om 5
W = Tzl)y/'ﬁbw ) Wi = (Py/(Pm y (2-27)
Z =i/ vs Zy = i) oy -

Thus, after simplification, eliminating H in Eq. (2.26) obtains the BT

Yy = atpgy + Aty Y1 = —dgey — 206 A%, + By, (2.28)

where (1, @) satisfy (2.8) and

=3, A=y/os+a(sa/P) s
B="t_9 <_§0’W i a@) ' (2.29)

That () satisfy (2.8) is found from the conditions (py: = @y, Pyt = Yuy),
respectively. Having found (2.28) we discontinue consideration of the system
(2.12) and instead consider the system in (A, B) obtained from (2.28) by the
condition, ¢, = 1y,

Ay+9(ady, +3A2+B) =0,

2.30
By + BA; — 4Az0r — 20AAL; = aByy + ABp + Ay . ( )
Now, the expression
2 _ Pt 9 [y oy \°
N=B+A"="—=-2{pz} —2a—|— )+ |— (2.31)
Pz 0x \ ¢y Pz



is invariant under (2.10). This suggests defining the system in (A, Q):

0 A?
Ay—i-%(an—?‘i‘Q)—O,
(2.32)

0 A3
Q= A= 5 4ds + T — 2044, + a0, - 40 .

Note that Egs. (2.30) or (2.32) are “properly posed” in comparison to Egs.
(2.12) in that they are not overdetermined and have the same order as Eq.
(2.1) or Eq. (2.8). From the Miura transformation (2.7) and the above,

2 2
©t Prrx Prx (Py
—Up = Lty g¥ree _g¥es | 7Y
Px Px ‘P% (P:% (2'33)
= B+2aA, + A2 = Q + 204, .

By construction (2.28) constitute a Lax pair for Eqs. (2.30). The Lax pair
for (2.32) is found by substituting for B in (2.30) using (2.31).
Equations (2.32) allow two Bécklund transformations:

Yu A

where
"/)y ¢xm ¢t ¢§ "/):v:v:v ¢2
Al =—~+—a—, Q=—+—+14 —-3= 2.35
e e e 92 e 2 (239
and 1) satisfies (2.8).
(i)  A=-2a(pfo)+ A1, Q=0 (2.36)
where ¢ satisfies (2.8) and
Al = % + a% )
T T
o ey o\ (2.37)
Q="=-2{p;x} —2a— (—) + (—) .

Equations (2.35) re obtain the Lax pair for (2.32), where the identification
(2.33),
—Up=Qy . (2.38)

Equations (2.37) provide (2.29) and, with (2.35), obtain (2.28).
Now consider the BT /Lax pair (2.28). We have the following:



Lemma. For fixed (A, B) let (¢1,12) be two linearly independent so-

lutions of Egs. (2.28), then
P = P1z/12
will satisfy Eqgs. (2.28) with
A— A B — B,
where (4, B), (A', B') satisfy Eqs. (2.30) and

A=A + 2a(¢2xm/¢2x) )
B' = B —2qA! — A”? 4 A2

¢2:v:v
=B —2aA, — A—12
"/’2:0 7>b2:1:

Proof. By direct calculation, which we omit.

"/)2:0:0:0

(2.39)

(2.40)

To investigate the iterative application of the BT (2.28), we define a

double sequence
Pit1y = 0Pt + AjPjira
Vitiy = Wjtrae + AjPitie

Qit1,t = —40j11 gae — 2040541 20 + Bjpjt1,0
Yivit = =41 00 — 20490401 50 + Bjjt1

where ' ' .
Aj = Piy + a‘P],:v:v — A+ 2a‘P3,xm
80],,1: (’0]7:” 80],.1:
Pja Pjx P,z

Bj=DBj_1-2adj, — A5+ A7 | .
Then, by the lemma, it is consistent to set
Pit1 = Yiw/Pia -
Now let

or
Y1y = aPl1zz o1t = —4P1207 -

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)



By (2.43) and (2.45),
J Pk, xx 0 J 2
A =2 —= B, = —2a— Ay — Az 2.4
j akEZI . j o ;:1 ¢ — 45, (2.49)

and by (2.33), for j > 1,

j—1
U2j = —Bj — QCLAj’x — A? = 2@% Z Ag y
=1

P (2.50)
- (G—0)
UQJ = 12@ In 111 (,047:D y
62 62 Jj—2 (—0)
Uj =125 5 Ingpj + Usj = 125 In Qi1 el ¢ - (2.51)
1

In effect, to iterate (2.28) two solutions are “interpolated” to produce one
new solution at each step. From N linearly independent solutions at one
level, fixing one solution as the denominator in (2.46) produces N — 1 solu-
tions of (2.41) and (2.42) at the next level. However, from the linearity of
(2.48), it is possible to generate an infinity of linearly independent solutions.
For instance, to find rational solutions, let

Soy = 0Pz , Yt = _4(,0:1::1::1: 5 (252)
and ;
P = 3" bzl (2.53)
§=0
where
bj—2y =aj(j — 1)b; bj-ar=—4j(7 — 1)(j — 2)b; (2.54)

a'bjflrt = _4]b]ay °
This obtains
=1, ol=z, ¢ =2"+2ay,
go{’ = 2% + 6ayz — 24t ,
ot =zt + 12ay2® — 96tz + 3612 ,
©? = 2° + 20ayz® — 960tz? + 180y°z — 288ayt .

(2.55)



Using the identity

o) = U=, (2.56)
and letting
o1 = ¢},

a first application of (2.41), (2.42), and (2.46) finds the appropriate set of
solutions at the next level. That is,

oy =1/01,  ©3=0i/el,
3 2/ 4 4 3/ 4 (2.57)
05 =@i/e1, w2 =01/e] .
Then, with
p2 =y =1/, (2.58)
Eq. (2.46) obtains
1 1 4, 3 2 2 1 4/ 3
— 4! — , —4p? — 2 :
¥3 P1 <P1/<P1 ¥3 Y1 ‘P1<P1/<P1 (2.59)

3 = ¢t — 3pTei /0t
etc.
An identical procedure can be applied to any linearly independent set
of solutions of Egs. (2.52).
Finally, the KP equation (2.1) is invariant under the Galilean transfor-

mation
¥ =x4+ay+pt, y =y —2at, (2.60)

t'=t, W=u—a’-p3. (2.61)
Also, Egs. (2.8), (2.30), and (2.32) are invariant under (2.60), where

A= A+a, B — B-2aA+p, Q- Q4+2+6, (262

which is consistent with their definitions (2.29) and (2.31). Obviously, (2.60)
preserves the form of the rational solutions and may be applied directly to,
say, (2.55)-(2.59).
3 The Hirota-Satsuma Equations
The Hirota-Satsuma equations

up = %umx + 3uug — bwwy , W = —Wepr — SUWg (3.1)

have the Painlevé property [6] about singularities of the form

10



(1) U= 1/}72 ZUJW ’ W = @bil ij'l/)j ) (32)
j=0 Jj=0

with resonances

]:_17071747576 ; (33)
i) u=9 2> ugpl, w=1p 2> wipl (3.4)
j=0 Jj=0
with resonances
j = _27_]—73747678 . (35)

The Béacklund transformation about (3.2) is

=2 i Inyp + w= 24w (3.6)
uU=2— U =— .
0z 2 P b

where, as found in [6]

¢t + ¢xmc + 3"/):1:1112 = 2¢x79 s (37)
wo = T/J:z;H ) (38)
i/ — 3{h;a} = SH?> + 9, (3.9)
92 = (N2 + 0% H? (3.10)
w1 = —Swo [y — (N2 +92)1/2 (3.11)
and X
0 H 3
Ht+£ (HM+T+79H+§{1/;,$}H> =0. (3.12)

In [6] we have found the Lax pair for (3.1) by “linearizing” the Miura trans-
formation, (3.7) and (3.11), from the “modified equations” (3.9) and (3.12).
To review, we let

W =gy /s, (3.13)
and find the “modified” equations

10 w3 WH

T 20z 2
0 1 3 3 1 2 —

11



where

92 = (N2 +92)H? .
The Miura transformations are

—2uy =Wy + W2+ JH? — 29 |

3.16
2wy = Hy+ WH + 2(\2 +9%)1/2 . (3.16)
Then letting
W H=2c/), W —H=26/8) G
¥ = Asinha , a=1n(e/B) , '

obtains the Lax pair from (3.14)-(3.16) (see [6]).
We now proceed to study the Bécklund transformations of (3.14) and
(3.15) when

g=A=0. (3.18)
The relevant equations are
Pt/ the — 3{¢; 2} = FH? (3.19)
and
-G DG e ) e
= 5 . .
H ¢ 0 o _wa_HTg_%(Wm_WTQ)H
Equations (3.20) allow the following singularities:
W~Wyp ', H~Hyp ', (3.21)
(i) Wo = —2¢, , Ho=0; (3.22)
(iii) Wo=s, —3ps, HE =2 . (3.24)
When
Wo = ¢z , H: =2, (3.25)
the resonances are
j=-1,1,2,3,3,4 (3.26)
and the Backlund transformation is
W =op./o+Wi,  H=a(ps/p)+ Hi, (3.27)

12



where

al=1, (3.28)
aH + Wi = _(P:v:v/(P:v ) (3'29)
Pt 1 3 ( Pz 2)
RN PPR = —al| Hyy — H, —aH 3.30
Ou 2{(:0’:5} 2a 1z O 1 —atiy ), ( )
and 5
H1t+%(H1mc+iH%+%(Wlx_%WE)Hl) =0. (3'31)

We note that Eqgs. (3.29)-(3.31) imply that (W7, Hy) satisfy Eq. (3.20). Now,
consistent with Egs. (3.19) and (3.20), we define the variable ¢ so that

i/ — 3 {52} = THT (3.33)
3
Hlt+% <H1m+%+g{¢;x}f[1> =0. (3.34)

Note that Egs. (3.33) and (3.34) define an equation for ¢ formulated in
terms of the Schwarzian derivative.

We find from (3.29) and (3.30), using (3.32) and (3.33), that

ﬂ — _@ + g@_ﬁw _ §1'/)5I75175L’ _ g@ww '1;/):1::1:
Pz 0r A E 2y 20y ] (3.35)
ﬂ _ l"/):v:v:v + %‘wa Ve 4 %fl/):%:v
(2 2 iy 2 oz Yo 4 "/):%
These equations may be written in the form
Y1 = Atpye + Bhy y  Yuee = —APaa + (C = B)yy (3.36)
where
A=a/ps,  C=—pi/ps—{pa}, B=3A%-3C. (3.37)

The compatibility condition (950 = Yzert) Of the linear equations, (3.36),
for 7 obtains the equation for ¢,

2 (2 + {pya}) — Hopz)?
2% (ﬂ—i_{w,x}):% 0 (‘P ) 2 9 )
Pa +6{pia} (£ + {pia) = (£ +{wa))
(3.38)

13



which is formulated in terms of the Schwarzian derivative. The equivalent
condition (Qipre = Przet) Obtains, from (3.35), that 1) satisfies Eqgs. (3.33)
and (3.34), which is distinct from (3.38). Therefore (3.35) defines a Backlund
transformation between two equations formulated in terms of the Schwarzian
derivative.

Letting

Q= ‘Pt/‘P:v + {‘P§ x} ) W = ‘Pm/‘Px ) (3.39)

the Miura transformation (3.16) is

—2uy = Wi, + (W + H?) = -3Q,

3.40
—30,(/.]1:%(H1x+WlH1):Q—%(Wx—%W2) . ( )

Rather than consider Eqgs. (3.38) and (3.34) separately, we will define
the new variables

and find from (3.35) the equations

Vt—go<3+V>o{—Vx+%V2—%Wx—%WQ—%WV—%VZ},

Oz ox
Wy = 9 <3 + W) o {f(W, —iW?) + 3(W +V)?}
0x \O0x 222 4 '
(3.42)
These equations allow the following singularities:
Vo~ Voe !, W ~ Wye ™! (3.43)
[where for simplicity e = = + f(¢), j is resonance]
(1) %:07 UJO:]-a j:_17172737374;
(11) %:_27 W0:_17 j:_17172737374;
(iii) Vo=4, Wy = -3, j=-2,-1,3,3,4,5;
(IV) Vo=-2, Wy =2, J=-95,-13,3,4,8; (344)
(V) ‘/0:23 W0:_2a j:_13132a333a4;
(vi) Vo=2, Wy = -3, j=-2,-1,3,3,4,5;
(vii)  Vp=-2, Wo =2, j=-1,-1,3,3,4,4;
(viii) Vo= -6, Wo=2, j=-5-1,3,3,4,8 .

14



The Bécklund transformations for (3.42) are of the form
V=Veeld+Vi, W=We'l+w,. (3.45)

For (i), (ii), and (v), with resonances at j = —1,1,2,3,3,4, (3.45) obtains a
system of five equations for the five unknowns (e, Vy, Wy, Vi, W1). For (vii)
there are six equations in five unknowns. We consider each in turn.

For BT1, we have

V=1, W =¢e,/e+ W, (3.46)

where e satisfies (3.38),

€x = 1/()05137:/):% )
3:ﬂ+3<§0m>_¢_3m_%@ (3.47)
& Yz 0r \ g 03 Yo Pr

Vi= (P:m:/QOa: ’ Wy = ¢xm/"/):v s (3.48)

and both (e,7) and (p,) satisfy (3.35). Note (3.47) defines a Béacklund
transformation for Eq. (3.35),

(e,9) < (0, %) , (3.49)
while (3.46) defines the BT
(v ) < (p,9") (3.50)
where " "
' t t €x Pz
— A A . 3.51
T T (51
For BT2, we have
V ==2(ez/€) + V1, W =e,/e+ Wy, (3.52)
where (e,1)) satisfy (3.35):
Vi = 6:1::1:/6:1: y W, = "/):v:v/"/}:v . (3'53)
Letting
then
o' =-1/e, (3.55)

15



rl/)glp =€)y , ¢£ = €y — Yp€uz — 2p€s
where (', ') satisfy (3.35).
For BT5, we have
V =2(e,/€) + V7, W = —2(e;/€) + W7,
where
Vi = (P:v:v/(P:v s Wy = Emc/ea:
obtains (¢, €) satisfying (3.35) and, with (3.54),

O =P, @ =P+ 4preers + 20paees — 20265
P =—1/e.
Finally, for BT7, we have
V=—2(e/e) + V1, W =2(eg /) + W1,
where
Vi=ewles,  Wi=va/te=—€ufex,

€/ex = %{6315} .
Note the restriction
Py = 6;1 .
With (3.54),
ol=-1/e, Yp=ePy=¢/er,

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.64)

(3.65)

where (¢, ') satisfy (3.63). As expected BT7 is a reduction of (3.35) (to

the KdV equation [4]) which is preserved by (3.61).

The Backlund transformations, BT1, BT2, BT5, and BT7, form a group
under composition that properly restricts to (3.35); that is, maps solutions

into solutions. The following identities are easily verified [where (1‘2’;) =

BT(%)]:

(i) BTloBleBT2oBT2:<(1) _01> :

(i) BTsoBT5= (- %)—r,
0 1
(iii) BT1o0BT2=BT20BT1,

(iv) BT7oBT7=1,

16
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and subject to the restriction on the domain of BT7,

Yo =05 ", (3.67)
we also have
(v)  BTl1oBT7=1. (3.68)
Furthermore, BT5 preserves the KdV restriction, (3.67), while BT1 and
BT2 do not [preserve (3.67)]. The Bécklund transformation
K = BT50 BT7 (3.69)

generates a sequence of KAV solutions [4]

D)
j 0

where (o,0), (j,;) satisfy (3.63) and (Yor = ¥g, ), $je = ©j,)- For
instance,

Yo =1t =2z (3.71)

obtains a Sequence of rational KdV solutions [4].
In general, the (p;,;) are distinct in that K™ # I for any n > 0. Note
that
K =BT50BT7 # K' = BT70 BT5 . (3.72)

Also,
BT10BT5 # BT50BT1 , BT20oBT5 # BT50BT2 . (3.73)

Application of the group of transformations generated by (BT1, BT2, BT5)
to (3.70) produces a “lattice” of solutions of the Hirota-Satsuma equations
(3.35). It can be shown that (BT1, BT2, BT5, BT7) map rational solutions
into rational solutions [of (3.35)]. Therefore, from (3.70) and (3.71), rational
solutions of the Hirota-Satsuma equations are found.

Direct calculation obtains a few solutions:

1 3_

<s00> (m) BT?2 <—5> BT5 (ﬂf‘”)
= —$ s —% )
%o v T -

__ 12 _ 4 2%—6t
BT?2 23 —24t BTbH T 324t
— — ,
3412t 32

T 312t




From (3.74) and (3.75),

(BT5 0 BT2)? o (‘po

%o

and, from (3.76) and (3.77),

where

Do (BT50BT1)2 0 (‘p(’) — (BT10BT5)% o (‘p
0

o

0
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vs}
H
[Sa¢
—
E|H
(=2}
—~
~&,
+
(=2}
S~
Hq;
+
—_
S
=
T
8
~—~
N~ —

BT1 (
—

T r3¥12t

3z2

T 3412t

z°

20
_2
)

(

== O

1

).

3

__ 15
23430t

> = (BT20BT5)% 0 (

3

3

:v—6t>

312t

6x

& (£ + 6t2' + 144127) )

x5 —30tx3—180¢2

4

0

0

)

))’
o)
¢>’

)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)



and

00

The periodicities (3.79) and (3.80) are not verified in general [for arbitrary
(Zﬁg )]- Determination of relationships of the form (3.79) and (3.80) when (:ﬁg )
belongs to the KAV sequence, (3.70), may provide a method for “classifying”
the Hirota-Satsuma solutions.
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