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For systems without the Painlevé Property, it is possible to constrain the arbitrary
functions in the expansion so as to restore the single-valued behavior. Depending
on the number of constraints, the resulting expansion will represent a solution
of reduced dimensions. The systems of constraints are expressed as a system of
partial differential equations for the previously arbitrary functions in the expansion.
We conjecture that the systems of constraint equations are completely integrable.
Therefore, the analysis of differential equations by the Singular Manifold Method
could lead to the discovery of new integrable systems. This is especially interesting
for systems depending on many variables. We present some new results for the
equations defined by the singular manifold analysis of the Sine-Gordon equation
in several variables.

1 The Singular Manifold Method

For systems with the Painlevé Property, Backlund transformations appear as
truncations of expansions of a solution about its singular manifold. With
reference to the Lax pair for a system, these Bicklund transformations are
equivalent to transformations of linear systems developed by Laplace, Moutard
and Darboux. The Painlevé analysis leads naturally to a reformulation of these
systems in terms of the Schwarzian derivative. Using the conformal invariance
of the Schwarzian derivative and certain discrete symmetries, a canonical form
of Biicklund transformations can be defined !:2.
The Sine-Gordon equation

Ugt = sin(u) (1)

has the Painlevé property in the variable V = e where
L. 3
VVet = VoV = i(v - V) (2)

The expansion
e .
V=¢2 Z Vi
j=0
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with resonances 7 = —1,2 and Vo = 4¢,¢; and V; = ¢,:. The Painlevé

transformation is
2

0

where Vo = 63, /(¢ ¢1)-
The Schwarzian modified equations are

where Z2 = ¢, /¢y, W? = ¢1/¢., and aff = 1. The identity ¢,(9/0z)Q +
¢+(0/0t)Q2 = 0 demonstrates the equivalence of the above two equations. To
find the discrete symmetries, let © = —¢,1/Ppr and & = —¢, /P, and get the
system

1
et+§eq>+ge/q>:o (6)
By + 20+ —0/0 =0 (7)
) 2\ o

The discrete symmetries of these equations imply the strong Bécklund trans-
formations for the Schwarzian equations.
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For instance, ¥y = —¢; ' and 1, = —(1/\)¢2,/($?¢.) imply by the con-
dition ¥, = 94, that ¢ satisfies the Schwarzian equation, (57).

The Moebius group is a point symmetry and composition with the BT
above generates the solutions

=) (10)

¢0 — eat—i—x/a
¢1 = tanh(ot/2 + z/(20))
¢2 = sinh(ot + z/0) + ot — z /0.
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2 Conditional Integrability

For systems without single-valued expansions (Painlevé Property) , it is pos-
sible to constrain the arbitrary functions in the expansion so as to restore the
single-valued behavior. Depending on the number of constraints the result-
ing expansion will represent a solution of reduced dimensions. The systems
of constraints are expressed as a system of partial differential equations for
the previously arbitrary functions (data) in the expansion. For this system of
partial differential equations we make the following conjecture 3.

Conjecture: The constraint equations are completely integrable.

We consider the N dimensional elliptic Sine-Gordon equation

—Au=sinu (11)
where
A=) "0 =V'V.
Using V = e
—VAV+VV-VV:%(V3—V) (12)
The Painlevé expansion
V=97 i Vi (13)

j=0
is valid with arbitrary V5 iff the Painlevé Condition,
N=V¢-DVep =0, (14)

where

1 N N
Dy = 5 Z Z (¢12m - ¢ll¢mm) (15)

l=1,l#i m=1,m#i

N
Dij = Y (i mm — Pimbim)- (16)
m=1

The matrix D is symmetric and equation (86) is invariant under arbitrary
scalings and translations in the independent variables, and orthogonal changes
of independent variables

V =BV’

where Bt = B~!. Using these properties it can be shown that the hypersurface
M defined by the level sets

M = {%;$(2) = ¢o}
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has the property that principal curvatures of M as a manifold in RV , K jiJ=
1,---, N — 1 verify the condition

K\ Ky+ K K3+ -+ Kny_sKn_y =0. (17)

This is the sum of the principal minors of order 2 of the second fundamental
form of M. The condition of partial integrability requires the singular manifold
to be an “Einstein space with null scalar curvature” 3.
When N = 2 the condition is trivial. When N = 3 the condition equation
is
(ﬁ (¢zz¢yy - 32cy) + ¢g2c (¢tt¢yy - Zt) + ¢g2/ (¢tt¢zz - ¢g2ct)
+2¢z¢t (¢ty¢yz - ¢zt¢yy)
+2¢y¢t(¢tz¢zy - ¢yt¢zz)

+2¢w¢y(¢mt¢yt - ¢my¢tt) =0. (18)

Equation (18) may be integrated by a Legendre transformation?,
61 = ¢t7 62 = ¢z: 63 - ¢y)
l= WEU T = W£27 y= W£37

o(t,x,y) + W(1,&,8) = t& + & + yés. (19)

The solution is
W =Wy, + W1

where Wy and W, are homogeneous of degree zero and one, respectively’.
Again, the form of ¢ might be used to find integrable reductions.

When N > 4 it is not known if the condition is integrable. Our conjecture
states that it is integrable for all N.

3 Some New Results for N >4

The Painlevé Condition is invariant under arbitrary transformations ¢ =
F(6), since,

_ T 4 QSIk ¢wj _
Q=61 > Juj b =0 (20)

i=1 k>j

where, J,., (U, V) = UV, — U, Vs.



There is a Quadratic Solution ¢ (&) = & - A% where

a1l :Fl 5 A
:Fl a22 +\ n

A - n Zt)\ —dall 1
)\ n 1 —a22
an = 5= 1/NEE O+ 1/A)n,
a2 = 5O+ 1/NEE (A= 1/3),
AZ — (E + 77)2
4+ (E£n)?

The Painlevé Condition is identical to
0=V (= (VV'0)" + AgVV'6 + % (@)]) Vo =0
where,
tr(VV%) =Ap=A+-+An,

0 (0) = 5 (1r (V7'9)") — (267?),

Qo= =AM A — - — AN_1AN.
The Characteristic Equation for VVi¢ is:

(vvt¢)N _ Ql(vvt¢)N_1 _ 92(vvt¢)N_2 e — QNI = 0.

where _
Q; = (_1)]+1 (Ar-.. Aj+--+and\n_jq1 ... AN)

i =tr ((VV'¢)’) - §thr ((vve) ™)

The definition* of the Legendre Transformation implies:

(VV4)” — Ap(VVe) — QT = Qn(¢)x

(Vi)Y = 0y (w) (VY)Y

since? (VVi¢)(VViw) = I and
Qj(w) = —Qn—;(8)/2n(9).
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(22)

(23)
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Therefore,

Vo ((VV'6)” = Ag(VV'9) — 0l ) Vo =0

implies the Legendre Transform

£ ((Vvtw)N_2 - Aw(VVtw)N_3 — = Qno(VVIW))E =0 (26)
Let p

For N=3, as found previously,
ét (VVtw){—c =wes —ws =0

w = wo + wy

4y gy
ds'° T Dgstt T
For N=4 . ) .
& ((vv'w)’ - Aw(VV'w) ) é = (27)
V(ws —w) - V(ws — w) — (wss — ws)Aw =0 (28)

Let w be homogeneous of degree m, i.e. ws = mw. Then,
(m —1)* Vw - Vw = m(m — 1) wAw
The substitution, with m # 0,1,
w=0m",
represents the solution as a Spherical Harmonics of degree one,
AO =0,

0,=0.

From Hobson ®, the Spherical Harmonics of degree one can be found from the
Spherical Harmonics of degree zero, V= V(0,¢,3). We define Spherical
Harmonics of degree zero with N =4 by

T =rsinfcos¢ y = rsinfsin ¢,
z=rcosfcosf t =rcosfsinf3,
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0 [cosf 0 (sinf o . .
% (mv¢> + 3 (mV") + 50 (sinf cos§Vy) = 0.

The change of variable,
1
Y= 1 logtan @,
obtains
e~ (Vo + Vyy) + € (Vo + Vyy) = 0.
After a Fourier transform in (¢, 3), find

t2 2 t2_ 2
VW:< L tanh41/z>V.

4 Summary

A useful form is found for the Sine-Gordon, Painlevé Condition. Using a con-
nection with a characteristic equation, the Legendre tranform for the Painlevé
Condition is defined for an arbitrary dimension. For dimension four a represen-
tation of the solution is found in terms of the Legendre transform of spherical
harmonics.

For arbitrary dimensions several new results have recently been devel-
oped and are being prepared for publication. In general, the Singular Mani-
fold method and the Conditional Painlevé Property can define new integrable
systems in several variables that may have application to the integration of
analytic partial differential equations.
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