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Abstract

For systems with the Painlevé Property, Bicklund transformations can be defined. These
appear as specializations (truncations) of certain expansions of the solution about its’ sin-
gular manifold. With reference to the Lax pair for a system, the Backlund transformations
are equivalent to transformations of linear systems developed by Darboux (Backlund-Darboux
transformations).

For specific systems the Backlund-Darboux transformations lead to a reformulation of these
systems in terms of the Schwarzian derivative. We find the Backlund transformations of these
system and study their periodic fixed points.

The periodic fixed points of the Backlund transformations determine a finite dimensional
invariant manifold for the flow of the system. The resulting (ordinary) differential equations
have a hamiltonian structure and the flow of the (partial) differential system is represented by
commuting flows on the finite dimensional manifold.
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1 Introduction: The Painlevé Property

We are interested in the behavior of solutions of nonlinear ordinary and partial differ-
ential equations. Amoung the simpler properties that a solution can have is whether
the solution is single or multiple valued as a function of its’ (complex) independent
variables. We ask, at least locally, where the solution lives. Historically, this question
was found to be interesting.

1.1 SURVEY AND DEFINITIONS

Kovalevsky [1] found that when the solutions of the spinning top equations are sin-
gle valued the equations are completely integrable. Painlevé [2] considered a wide
class of second order equations and classified these according to the nature of their
singularities. Since the coefficients of the equations are allowed to depend on the
independent variable, fized singularities can arise at the fixed locations of singular-
ities of the coefficients. Painlevé and his coworkers found essentially six different
equations within the class considered whose solutions are single valued as functions
of the complex independent variable, except possibly at the fixed singularities of the
coefficients. These are known as the Painlevé transcendents and have a great variety
of interesting properties and applications. Singularities that are not fixed are said to
be mowvable.

An ordinary differential equation is said to have the Painlevé Property when every
solution is single valued, except at the fived singularities of the coefficients. That is,
the Painlevé Property requires that the movable singularities are no worse than poles.

Ablowitz et al [3] found that when certain integrable partial differential equatins
have reductions to ordinary differential equations, the ordinary differential equations
have the Painlevé Property. They conjecture that when a system is integrable its’
reductions will have the Painlevé Property. This conjecture is supported by the
results of McLeod and Olver [4]. Integrable here means there exists a nontrivial Lax
Pair for the system.



The major difference between analytic functions of one complex variable and sev-
eral complex variables is that, in general, the singularities of a function of several
complex variables cannot be isolated [5]. If f = f(z1,- -, 2,) is a meromorphic func-
tion of n complex variables (2n real variables), the singularities of f occur along
analytic manifolds of (real) dimension 2n — 2. These manifolds are determined by
conditions of the form

¢(21,7 -+, 2) =0, (1)

where ¢ is an analytic function of (21, -, z,) in a neighborhood of the manifold.

With reference to the above, we say that [6] a partial differential equation has the
Painlevé Property when the solutions of the PDE are single valued about the movable,
singularity manifolds. For partial differential equations we require that the solution
be a single-valued functional of the data, i.e. arbitrary functions. This is a formal
property and not a restriction on the data itself.

To verify if a PDE has the Painlevé Property we [6] introduce a method for ex-
panding a solution of a nonlinear PDE about a movable, singular manifold (1). Let

u=u(z,--,2,) be a solution of the PDE and assume that
u= "y u;¢’ (2)
=0

where ¢ and

uj = u;i(z1,, 2n)

are analytic functions of (21, -, 2,) in a neighborhood of the manifold (1). Sub-
stitution of (2) into the PDE determines the possible values of o and defines the
recursion relations for uj,j = 0,1,2,---. When « is an integer and (2) is a valid and
general expansion about the manifold (1), then the solution has a single valued repre-
sentation about (1). If this representation is valid for all allowed movable singularity
manifolds then the PDE has the Painlevé Property. For a specific PDE it is necessary
to identify all possible values for @ and then find what the form of the resulting Ps:
series [7] is.

A point that we will emphasize is that the Psi series for nonlinear PDE contain
a lot of information about the solutions of the PDE. For equations which have the
Painlevé property we have developed a method for finding the Lax pairs and Backlund
transformations [8,9,10]. An outline of the singular manifold method is presented in
section 2. For equations that do not have the Painlevé Property it is still possible to
obtain single valued expansions by specializing the arbitrary functions that appear in
the Psi series expansions. This specialization leads to a system of partial differential
equations for the formally arbitrary data. For specific systems, and we conjecture in
general, these equations are integrable. The form of the resulting reduction enables



the identification of integrable reductions of the original system [11]. This is examined
in section 3.

1.2 EXAMPLES AND COUNTER-EXAMPLES

To illustrate the nature of the Painlevé Property it is worthwhile to examine a few
examples of equations with and without the Painlevé Property.

A simple case of an equation with the Painlevé Property is Burgers’ Equation.

Up + Uy = Ugy (3)
It is not difficult to find the Psi series
uw=¢"" Y u;¢’ (4)
=0

is valid for (3). Examination of the recursion relations for the u; obtains a system
of the form

(j = 2)( + D)ptu; = Fy(uj_1, -+, u0, $p, Py -+ ).

For (4) to be valid F;, must vanish identically. Evaluation of the recursions obtains

jZO, Uy = _2¢ZE

j - 17 ¢t +u1¢w — ¢mm
j = 27 aw(¢t + U1¢m - ¢ww) =0.

The relation (compatibility condition) at j = 2 is satisfied identically and the
expansion (4) is valid with arbitrary functions ¢ and u,.

The Korteweg-de Vries equation

Up + Ugpe + Uty = 0 (5)
has singularities of the form
u=¢"2y u;¢) (6)
j=0

with arbitrary functions ¢, us and ug. The KdV equation has the Painlevé Property
about singularities of the form (6).



The Schwarzian KdV equation [§]

Yy (i) =2 @

,where
¢x:v:v 3 1/)9090 2
Vyx) = -5
{4; 2} - 5 s )

is the Schwarzian derivative , has singularities of the form

Y=97" 3 ¢! ()

j=0

with arbitrary ¢, ug, u; if the non-characteristic condition ¢, ~ ¢, # 0 is verified. If
1, = 0 the expansion about the characteristic manifold has the form

b= FH)+ S (9)

5=0
,where ¢ = x — xo(t) and ¢; = ¢;(?).

The Schwarzian KdV equation has single valued expansions about both charac-
teristic and noncharacteristic manifolds. The Painlevé Property requires all movable
singularity manifolds to be single valued, whether characteristic or not. The above
result runs counter to the observation of Ward [12,13] that direct consideration of
expansions about characteristic manifolds cannot be allowed in the definition of the
Painlevé Property since, for linear systems, arbitrarily bad singularities propagate
along characteristics. For general systems, expansions about characteristics, when
they exist, introduce certain arbitrary data [14]. If the data is bad, the expansion
is still required to be a single valued functional of that data. In this sense, expan-
sion (9) is a single valued functional of the data f(t), zo(t), however multiple valued
that data as a function of ¢ may be. Of course, the same observation applies to the
non-characteristic expansion (8). The Painlevé Property is a statement of how the
solutions behave as functionals of the data in a neighborhood of a singularity manifold
and not a statement about the data itself. The following example will illustrate this
point.

A derivative Schwarzian equation

Yt O ey —

has non-characteristic singularities of the form
0 .
v=¢"t ) v (11)
j=0

5



,where ¢, 1)y, 11,1, are arbitrary. Therefore, (10) has a single valued expansion de-
pending on the maximum number of arbitrary functions allowed for by the order of
the equation. However, about the characteristic manifold where ¢, = 0

b=f)+ " DD g™ (12)
§=0 k=0

,where v = I +1y/11/2 and ¢ = 2 — zy(t). The expansions (12) are highly multilple
valued as functionals of ¢.

In general, to verify that an equation has the Painlevé Property it is necessary to
show that all the allowed singularities are single valued (as functionals of the data).
This requirement is often overlooked and has lead to some wrong conclusions.

Doktorov and Sakovich [15] claim that

has the Painlevé property for any polynomial of degree n since if ¥ = u~! then
the equation for u has single valued poles depending on two arbitrary functions and
therefore has the Painlevé property. In effect, they are only claiming that (13) has a
single valued expansion about the simple zeros of 1 as is locally valid by the Cauchy-
Kovalevsky Theorem. It is not difficult to see that (13) has singularities that are not
single valued. For instance, the reduction to an ODE is within the class originally
studied by Painlevé.

It is also thought that the Clarkson equation

up = 2uu? — (14 u?)ug, (14)

has only meromorphic psi-series and has Painlevé Property [16,17]. However, this
is not the case. Consider the points where

u? +1=0. (15)
Rewriting the above we have
u? — 2iu = (u—1)(2u? — (u + i) ugg)
and letting G =u +1
G? — 2iG? = (G — 20)(2G? — GG,y).
To leading order

G = 2+ Gop® + - -



where a > 0.
By substitution in the above

WG~ 2i02)5 7 =
afa+1)Gopre™ * — 2ia(a — 1)Gipre™ .
Since Ra > 0 we have
o = 20} /¢y
For this leading order the balance equations are
G? +2i(GGyp — G%) =0
and the resonances
G = 2i + Gyo* + G
obtains
ala+7r)¢; +i{ala —1) + (a+7)(r —a—1)}¢; = 0.
Using the leading order
r=-—1,0.

Thus Gy is arbitrary. From the above, the Clarkson equation has a movable
essential singularity and does not have the Painlevé Property.

A variant of the preceeding, a modified Clarkson Equation, [18] also has non-
meromorphic singularities. The equation is

Uy = (14 u?) gy + (1 — 2u)u. (16)

Again, expand about the points where 1 + u? = 0. To see this, let
G = u+ 1 and find

Gy = (G — 20)(GGpp — 2G2) + (1 — 20)G2.
Let G = 2i + Gop® + - - - and get to leading order
o =21

and a resonance at r = 0.



The equation

(14 ) uge = (2u — 1)u? (17)

is the traveling wave of (14) and the steady state of (16). This equation was shown
by Painlevé to have the general solution

u = tan(log(az +b)).

The movable essential singularities are shown by the previous examples.

The steady state of (14) is,

(1 — u?) Uy + 2un? = 0. (18)

The paraphrase of the analysis for the first example detects no non-meromorphic
singularity. The general solution is found to be

u = tan(ax + b).

An example of an equation with a non-constant resonance is the Rand equation
[18]
U Uyyr = U (19)
It has the leading order u = upp® + - - - where it can be shown that
(o = 1)(a = 2) = 3(¢;/¢3)0”.

This quadratic equation for o determines the leading order. Of course « is a
non-constant functional of ¢; and ¢,.
The resonance condition

u=ugp® + ur " + -
easily determines the resonances
r=-1,0,4 - 3a.

It is the case here that one resonance, 4 — 3a, is a functional of the singular
manifold, ¢.

Finally, we consider the inviscid Burgers equation

Uy +uty, =0 (20)

has a leading order of the form



U = Uy + U 4+ g 4 - - .
By substitution into the above a solution is
a=1/2
and

¢t + uOd)x =0.

The next term in the expansion is

Up s + Uptgx + 1/2¢,u] = 0.

If wpy + upuo oz = 0 then uy = uy = --- = 0 and from the above

G201 — 20201001 + G brw = 0. (21)

This equation can be linearized by a Legendre transformation, as we shall show in
section 3.

In the preceding paragraphs our intent is to illustrate both the definition of the
Painlevé Property and the variety of singularities revealed by the functional Psi series.
This approach is capable of substantial generalization. In this paper we will, for the
most part, describe the applications to integrable systems.

2 The Singular Manifold Method

If an equation has the Painlevé Property we propose to calculate the Backlund trans-
formations, Lax pair, Modified equations and Miura transformations through the
expansions of the solutions about the singularity manifold. The Singular Manifold
Method consists in truncating the Laurent Psi series after the constant level term. By
construction, this forms a possible Backlund transformation. Depending on the dis-
tribution of resonances, a generally overdetermined system of equations are defined
by the recursion relations for the coefficients of the Laurent expansion. Reduction
of this system to consistent form defines the Backlund-Darboux transformation, the
Schwarzian form of the modified equation and the related Miura transformation to the
original system. The Lax pair can be found by linearizing the Miura transformation
and modified equation, using the invariance of the Schwarzian derivative under the
Moebius group to motivate the substitution for linear variables. The invariance under
the Moebius group and the discrete symmetries of the modified equations are found to
constitute a nontrivial Backlund transformation for these systems. We will examine



the use of these transformations in finding explicit solutions ,i.e. rational, finite-zone.
We will also present the two cases where the method finds partial results. In one
case, the Bullough-Dodd equation does not have a Backlund transformation, and in
the other case, the Backlund transformation for the modified Nonlinear Schrodinger
equations is a reduction of the system. Plausible extensions of the method, including
applications to ODEs, are examined.

Since this is a method for the discovery of the structures associated with a given
equation, we present the analysis for the KAV equation in detail.

2.1 THE KORTEWEG-DE VRIES EQUATION
The Korteweg-de Vries equation

Up + Ugpy + 3Uly = 0 (22)

has meromorphic singularities of the form
o0 .
u=¢ > u;p (23)
j=0

about the singularity manifold ¢(x,¢) = 0. In the above we find that ¢ , u4 and
ug are arbitrary functions, and it is required that, for (23) to be well defined, ¢ be
non-characteristic. That is, ¢, # 0 when ¢ = 0. For locally analytic data we will
show that (23) converges in a neighborhood of ¢ = 0.

It is also of interest to consider the slight generalization of (22)

(0/0x) (s + Uy + 3uuy) =0 (24)

which has the expansion (23) with arbitrary functions @, u4, us and wug.
Now, we truncate (23) after the constant term to obtain

U= uy/¢* + u1/d + uy. (25)

Substitution into (22), or (24), obtains a system of four equations in the four functions
¢, up, U1, us. This is most readily seen for (24) since setting the arbitrary functions
uy = us = ug = 0 and requiring uz = 0 obtains (25) and four equations. From these
we find

u = _4¢2/¢2 + 4y /P + us (26)
s+ N = ~(Baaa00) + 5 (Gus/62)" 1)
60/ + {50} = A 23)

10



where u and uy satisfy the KdV equation. Again,

(63} = Bure/ e — 5 (90e/62) (29)

, the Schwarzian derivative [7,8], is the unique differential invariant [19] of the
Moebius group

¢ = () +b)/(ctp + d). (30)
The Moebius group is the unique group of conformal (monodromny preserving)
automorphisms of the complex ¢ (Riemann) sphere.
The relations (27) and (28) imply that us satisfy (22) since

0 0, 0 oN
— (= 4+ V)= (= — V)&
e (ax * )ax(ax )¢$
where
V= % (31)
Pz
This definition of V' obtains the modified KdV equation
3
from (27).
The Bécklund-Darboux equation (26) may be written in the form
92
u:4@ln¢+u2 (33)
where 5 )
A= =022/ 0z) — 5 (P2a/ s 2 4
02 X = =2 (B 82) — 500/ 0) (39

and ¢ satisfies the Schwarzian-KdV equation (27).
We regard (34) as a Miura transformation from (27) to (22). It also has the form of
a Ricati equation in the variable W = ¢, /¢, and can be linearized by the substitution

W = —2uv,/v. This obtains the linear equation for v
20z = (ug + A)v (35)
and the identification ¢, = v~2. From (27) the additional linear equation
1
v = (2N — ug)v, + Uz (36)

is found. By construction (35) and (36)z are the Lax pair for the KdV equation and
imply us is a KdV solution.

11



The linearizing substitution for ¢ has the form

¢:U1/U2

where v; and vy are solutions of (35).

In terms of the linear equation (35) the Bécklund transformation is the classical
Darboux transformation for adding elements to the spectra [20,21].

Now, consider the Biacklund transformations for the Schwarzian KdV equation
(27). From the invariance of the Schwarzian derivative we have the invariance of
(27) under the Moebius group (30). This invariance is also found by examining the
singularities of (27), (8), and finding that the truncated expansion

d=1v""do+ (37)

requires constant ¢y, ¢; and ¢ satisfies (27). In other words, we find the Moebius
invariance. An additional Backlund transformation is found from the discrete sym-
metries of the modified equation (32). That is, V' = —V implies the invariant
transformation

Gz =1/1s (38)
for (27). The time dependent form of this transformation is found from (27) and (38).
That is,

and (38) imply by ¢, = ¢ and ¥,y = Yy, that ¢ and ¢ both satisfy (27). Therefore,
we have a strong Bicklund transformation for (27). In section 4 we will show how the
periodic fixed points of the Bicklund transformations for (27) define finite dimensional
invariant manifolds and as commuting hamiltonian flows factor the KdV flow on this
invariant manifold.

Using the Backlund transformations, it is simple to show that the Laurent expan-
sion

¢=E "o+ b1+

converges in a neighborhood of £(x,t) = 0. The symmetry ¢» = ¢~' maps the pole
into a simple zero and the data satisfies the conditions of the Cauchy-Kovalevsky
Theorem, being non-characteristic and locally analytic. Therefore, both expansions
converge in a (punctured) neighborhood. Furthermore, the symmetry (38) maps the
characteristic, non-conformal singularity

6= F(t) + €5+
into a simple pole
b=E o+
and by the previous argument , this also converges. Using this result and the relation

between the modified and KdV systems, the pole singularities for the KdV equation
also converge. The characteristic singularities for the KdV are trivial.

12



The convergence of the Laurent series for the KdV equation
0 .
=67 ue’
=0

implies, by the recursion relations, the existence of the conservation laws

0 0
A= 2B
ot 7 T ox Y

where

Z i Uj+2+k¢k-

Therefore the Painlevé property dlrectly implies the existence of formal integrals.
The KdV (22) and modified KdV (32) have a hamiltonian structure [9,10]

3 2 o
) 1,
_Z = 41
Vit (Vi = 5V%) =0 (41)

and are connected by the Miura transformation

=4V, — %VZ. (42)
Note
Uy + §uZ =0, [ (—u?+ 1u?’)d:v
1 3 2 1 4
Vo = 5V* = by [(=VE = SV*)da.

Using the Miura transformation finds the second hamiltonian structure for the KdV

equation from the first hamiltonian structure of (41). By the change of variable
formula Q = (dyu)0,(dyu)t. Tt is

Q=02+ 2udy +uy = (0p — V)(0:) (8 + V) (43)
where u =V, — £V? and the KdV equation is
U + QéuHQ =0

where H; = [ 1 Su”.

The gradlent of the integrals for the KdV equation satisfy the Lenard recursion
formula

0,6, H 1 = Q6,H; (44)

13



and the higher order equations are

for j =1,2,---. Now, putting together the above we have the following result [9].
The sequence of higher-order KdV equations

for j =1,2,3,--- has the Backlund-Darboux transformation
52
u:4@ln¢+u2 (47)
where
s = 2 (Garfb2) — 2(Buuf )’ (18)
2 — 81: T T 9 T T
and "
5 ouHi({gi7}) = 0. (49)
Furthermore,
uz = {¢;x}

and uy satisfy (46) and the sequence (49) is invariant under the Moebius group and
the symmetry (38).
Note that the first few gradients are:

(Squ =Uu
3
6uH2 = Ugz + §U2
55 D4
OuH3z = Upgpr + DUULy + §ux + §u )

Now, using a simple leading order argument and the Béacklund transformations to
raise and lower the weight of the Laurent expansions it is not difficult to see that
the higher-order systems must have the Painlevé Property and the formal Laurent
expansions converge in a punctured neighborhood of the singularity manifold when
the data is locally analytic in this neighborhood [9]. That is, the highest weight
singularity for the N** Schwarzian equation is of the form

¢ =ft)+ N Moy +- -

The odd order poles are, for £ < N,
=€ g+

14



and the odd order zeroes are, for £k < N,

b= gy 4o

The symmetry ¢ = 1/t¢ maps poles < zeroes. The symmetry ¢, = 1/1, maps a
zero of order 2k + 1 < a pole of order 2k — 1. Combining the two transformations
any singularity can be mapped into a simple zero ¢ = ¢y + -+ - and by the Cauchy-
Kowalevsky Theorem this is single-valued and convergent. The map from this form
into the complete set of singularities can be shown to introduce no multiple-valued
In ¢ terms and to depend on the maximum number of allowed arbitrary functions.

Therefore, the KdV sequence has the Painlevé Property with convergent Laurent
series.

To summarize, the Painlevé expansion truncated after the constant level term
defines a form of modified equation that is expressed in terms of the Schwarzian
derivative. By linearizing the Miura transformation the Lax pair is found. The
discrete symmetries of the modified equations and the Moebius group are Backlund
transformations for the Schwarzian equations. The Miura transformation allows the
calculation of second hamiltonian structures and tha associated recursion operators
for the gradients of conserved densities. The action of Backlund transformations on
the singularity structure of equation sequences allows the conclusion that the sequence
is Painlevé and the formal Laurent expansions converge.

2.2 THE BOUSSINESQ EQUATION

The analysis for the Boussinesq equation [10]

+ 82(1 +u?) =0 (50)
U ——(=Uyy + u®) =
BT 9r2's
finds the Backlund - Darboux transformation
32

where ¢ = vy /vy and vy, vo satisfy
Q0ggy + 6uvy + 3(uy + h)v =0

Vp = Uz + (u+ Ao
h:v = Ug¢.

The Schwarzian modified equation is

9 10 3 -
E(@/(ﬁm) + ga({@ T+ §(¢t/¢m) )=0. (52)

15



The discrete symmetry for this system has the form

ik — F -
o 29, 29y
1 1
P 1V 1d (53)
Ds 29, 29,
2.3 THE SINE-GORDON EQUATION
The Sine-Gordon equation [11]
Uz = sin(u) (54)
has the Painlevé property in the variable V = e’ where
1
VV = ViV = 5 (V2 = V). (55)
The expansion
V=631
5=0
with resonances j = —1,2 and Vy = 4¢,¢; and V; = ¢,;. The Painlevé transformation
is 52
V=-4—I V; 56
Dt o+ Vs (56)
where Vo = ¢2,/(deb:).
The Schwarzian modified equations are
Q ={¢;t} +22,4/Z =« (57)
Qo ={p;x} +2W,, /W =5 (58)

where Z? = ¢, /¢y, W? = ¢/ by, and a8 = 1. The identity ¢, (0/02)Q+¢,(0/0t)Qy =
0 demonstrates the equivalence of the above two equations.

To find the discrete symmetries let © = —¢y /¢y and & = —¢ /¢, and get the
system

1
@t+§@q>+%@/q> — 0 (59)

1 1
<I>x+§®<1>+ﬁ<1>/®—0. (60)

The discrete symmetries of these equations imply the strong Béacklund transforma-
tions for the Schwarzian equations.

b s _ 1
b Yy N

16

d)xz/)x =1 (61)



¢mt wmt
_— = )\ (th t — 1 62

butb _ 1 b

bt N b (63)

For instance, ¢y = —¢;' and ¢, = —(1/\)¢%,/(¢?¢,) imply by the condition
et = Yy, that ¢ satisfies the Schwarzian equation, (57).
The Moebius group is a point symmetry and composition with the BT above

generates the solutions
¢0 — e(rt+m/(f

¢ = tanh(ot/2 + z/(20))
¢ = sinh(ot + x/0) + ot — /0.

The Sine-Gordon equation is also the minus one equation of the KdV sequence.
In (55) let V' = ¢, and find

0 0,1

—{p;x} = ——(—). 64
srloh =5 (64
The recursion operator of the KdV sequence has the form
0
a—x(Squ+1 == Q(SuHJ

where Q = (0, —W)(0,)(0,+W) and W = ¢,,/d,. The minus one functional satisfies
the condition, 6, Hy = 1,
GxéuHO = Q(SuH_l = 0

and the general solution is
0,H_1 = (ag® + b + c) /b, (65)
where u = {¢; x}. Therefore, the Sine-Gordon equation has the form
up = 9,0, H (66)
where u = {¢;x} and §,H_1 = —1/¢,.

2.4 HENON-HEILES SYSTEM

The singular manifold method can also be applied to ordinary differential equations
[22,23]. For instance, the Béicklund transformation for the Henon-Heiles system

Ty = —Ax — 2dxy

yu = —By + cy?® — da? (67)

17



with d/c = —¢ has the form
r=¢ "wo+ 1
y=0" o+ ¢y + 1 (68)
where yo = —(/)% s YL = Quy Yo = ﬁ(‘l)\ - B -3V — 3(¢tt/¢t)2) and 35% = d)%va

x1 = —32(Vi/V + ¢u/d:)V'/?. The variable V is
V={¢;t} + A
where L, 1, 1 9 , 1, 2.,
SVE+ Vi (5B - 244+ SOV + (G5 - SNV =0, (69)

This defines V' as a Weierstrass elliptic function and ¢ = wuy/uy , where uy,us are
solutions of the linear equation

1

2.5 THE HARRY DYM EQUATION
The Schwarzian KdV equation [24] is

il +{o;x} =\ (70)

T

Under the change of variable
r—>¢ t—t ¢o—x

Gr = 1/33¢> Ty = —¢t/¢m
{¢;2} = —¢2{z; o}
and find
z+ A+ 2, {0} = 0. (71)

The Harry Dym equation is found by substituing W = xi, setting A = 0,

W 0* Ww-1/2
pu— 2— - .

The Schwarzian KdV sequence of equations has a Hamiltonian structure

where
M, = J;
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and
Q1 = 0,0, b,
Jl - aw¢;lam¢;law

The change of variable, with 05 = ¢;'0, induces a Hamiltonian structure for the
Harry Dym sequence [24]

xt—l—LZOIZO (73)
where
L¢ = QQJQ
and
QQ - 3(;1

Jy = x;lazxdjl.
The rational solutions for the KdV equation can be found by the BT

Dis1a = 07/ e (74)
52
i1t Pjtr,0 + Pit) Pjw = (¢j,m/¢j,m)2 - 4@ In ¢;
where
$o =1
¢ = 2® + 12t

¢y = (2° 4 60t — 720¢%) /x

etc. These also implicitly define algebraic solutions of the Harry Dym equation, ie.
2> = ¢ — 12t, etc. The N-Soliton solutions of the KdV correspond to the N-Cusp
solutions of the Harry Dym equation.

2.6 SOME OBSERVATIONS

In general and as illustrated above the Singular Manifold Method finds connections
between equations, modified equations, equations in a sequence and the related cusp
soliton equations. A primary application of the method would be to classify integrable
systems and their relationships to each other.

The procedure as described has been applied to many systems. Amoung these are
the Boussinesq sequence, the Caudrey-Dodd-Gibbon sequence and Hirota-Satsuma
sequences. As described above the method does not directly apply to systems that
do not have Béacklund transformations. A system of this type is the Bullough-Dodd
equation.

Uy = eV — 20
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Surprisingly, the Bullough-Dodd equation is a specialization of an equation in the
Caudrey-Dodd-Gibbon sequence. The Bécklund transformation for this sequence
does not preserve the form of the specialization. Hence, there is no Backlund trans-
formation in the usual form for this equation [24,25].

A different sort of problem occurs for the nonlinear Schrodinger equation [10].
Here, the method works in so far as finding the Lax pair and Schwarzian modi-
fied equations are concerned. However, the modified equations themselves have a
Backlund transformation that acts as a reduction on the system to a pair of Burgers
equations.

The singular manifold method also applies to ordinary differential equations [23].
We have found for the Henon-Heiles system a Backlund transformation and a three
parameter class of associated solutions. The general solution depending on four pa-
rameters is not directly found by the singular manifold method. However, by direct
formulation in terms of the Schwarzian derivative we have also found an identification
of the integrable instances of the Henon-Heiles system with the KdV and Caudrey-
Dodd-Gibbon equations. This allows an immediate identification of the Lax pairs for
the Henon-Heiles system.

When the singular manifold method does not find a Lax pair with a parameter,
it is possible to effect a resummation of terms in the truncation so as to allow an ex-
plicit dependence on the singular manifold itself. This procedure was introduced by
Weiss in reference [9] and applied to the Caudrey-Dodd-Gibbon equation. Later, B.
Gaffet in references [26,27] found a Bécklund transformation for the Bullough-Dodd
equation that is in the form of an expansion about the singular manifold. Whether
this transformation is an involution or not, the form of the transformation involves
a resummation of terms involving an explicit dependence on the singular manifold.
Finally, Newell et al [28] and Gibbon et al [29] apply this same method to introduce a
spectral parameter in the Lax pair for the Henon-Heiles system. Therefore, a resum-
mation of terms involved in the singular manifold truncation seems to be required for
certain problems. In this sense the method requires further development to be truly
algorithmic.

A recent paper by R. Conte [30] examines the question of why the Painlevé-
Backlund equations that arise on application of the singular manifold method are
invariant under the Moebius group. This would explain why the Schwarzian deriva-
tive naturally occurs in the formulation of integrable systems, since, as explained
earlier, the Schwarzian derivative is the unique differential invariant of the Moebius
group. This question is also examined in reference [9] where it is conjectured that the
appearence of the Schwarzian derivative is related to the conformal geometry of the
complex Riemann sphere and not as might be supposed, from an associated second
order Lax pair operator. This question is also considered by Wilson [31].
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3 Conditional or Partial Integrability

For systems without single-valued expansions (Painlevé Property) , it is possible
to constrain the arbitrary functions in the expansion so as to restore the single-
valued behavior. Depending on the number of constraints the resulting expansion
will represent a solution of reduced dimensions.

The systems of constraints are expressed as a system of partial differential equa-
tions for the previously arbitrary functions (data) in the expansion. For this system
of partial differential equations we make the following conjecture.

Conjecture: The constraint equations are completely integrable.

To illustrate this point we will present several examples from reference [11].

The first example is the Double Sine-Gordon equation

Uz = 4asin(u/2) + 4sinu. (75)
To apply the Painlevé analysis we set
V= 6iu/2
and find

VV = ViVi=a(VP = V) + V- 1. (76)

The expansion about the singular manifold takes the form
V=933 Vi (¢* Ing)k. (77)

§=0 k=0

From the recursion relations

%2[] = ¢w¢t
_ L Oy a
ViO B 2 ¢x¢)t% 2‘

The arbitrary functions are ¢ and Vay. At the resonance j = 2 and k£ = 0 we can
cancel the ¢?In ¢ terms by requiring that ¢ satisfy the constraint equation

D2bu — 20501bat + B bzy = 0. (78)

This equation is identical to (21) and is integrable by a Legendre transformation [11]
6 = ¢:L‘7 n= ¢t
r = Wg, t= I/V77

oz, y) +W(&n) =25 +yn
and has the result that

§2W§§ + 26nWe, + 772W77n = 0. (79)
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Let
d 0 0

ds o€ + 778—77 (80)
and (78) becomes
Ly~ Ly (81)
ds? ds
The complete solution of (81) is
W =W,+W,

where Wy is homogenous of degree zero in (£, 7) and W is homogenous of degree one.
This implies, using the definition of the Legendre transformation, that

o(x,t) = —=Wo(&m)
and
Ex +nt = Wi(€,n).

The Legendre transformation is invertible when w = ¢, ¢, — it # 0. When w = 0,
then ¢ = f(x+1t) and we have a traveling wave form that is integrable for (75). Some
simple closed form solutions when w # 0 are

¢ = f(z/t)

for arbitrary f.
In the cases where ¢ satisfies the constraint equation the expansion (77) becomes
single-valued

V=623 Vg (s2)
7=0

where V5 is arbitrary.
Next, we consider the N dimensional elliptic Sine-Gordon equation [11]

— Au=sinu (83)
where
A=} 8 =V'V.
Using V = e
—VAV+VV-VV:%(V3—V) (84)
The Painlevé expansion
V=6Y Ve (%)
=0
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is valid with arbitrary V; iff

VoDV =0 (86)
where
1 N N
D;; = 5 Z Z ¢lm ¢ll¢mm) (87)
I=1,l#i m=1,m#i
N
Z ¢z]¢mm ¢zm¢]m) (88)

The matrix D is symmetric and equation (86) is invariant under arbitrary scalings
and translations in the independent variables, and orthogonal changes of independent
variables

V =BV’
where

B'=B7".
Using these properties it can be shown that the hypersurface M defined by the level

sets

M = {3;¢() = ¢o}
has the property that principal curvatures of M as a manifold in RN | Kj;j =
1,--+, N — 1 verify the condition

KKy + K\ Ky + -+ Ky Ky = 0. (89)
When N = 2 the condition is trivial and (83) is integrable. When N = 3 equation
(86) is
0} (Puatyy — iy) + 02 Pudyy — ) + ¢2(¢tt¢m — ¢%)
+20: 01 (Pry Py — ¢mt¢yy)
+20y 1 (PtaPay — PytPuz)

+2020y (Pzt Pyt — PayPir) = 0. (90)

Equation (90) may be integrated by a Legendre transformation, & = ¢, & =
Gz, §3= ¢y and t = We, x = We,, y = We, where

o(t,z,y) + W(&, &, &) = t& + 1€ + Y3
and
W =Wy,+ W;

where W, and W, are homogenous of degree zero and one, respectively. Again, the
form of ¢ might be used to find integrable reductions.

When N > 4 it is not known if (86) is integrable. Our conjecture states that it is
integrable for all N.
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4 Periodic fixed points of Backlund transformations

A Bécklund transformation (BT) maps solutions of a nonlinear system into solutions
of the same nonlinear system. The BT is applied iteratively to define a sequence of
solutions beginning from a known seed solution. Rather than study solutions defined
in this manner we consider the periodic fixed points of the Biacklund transformations.
These are integrable systems of ordinary differential equations that define finite di-
mensional invariant manifolds of the flow associated with the infinite dimensional
partial differential system. We find this flow is expressed as commuting flows on the
invariant manifold [32].

4.1 THE KdV FIXED POINTS

In section 2 we have seen that the Schwarzian KdV equation

¢/ ¢r + {P32} = A (91)
has the Backlund transformations
¢ = (ayh +b)/(ct) +d) (92)
and
Gz = 1/1s. (93)
¢:L‘:L‘ 17/)1’1’ .
Gt/ Gx + Vi)V + (¢>—)( " ) =2\ (94)
We compose ¢ = —1/1) and (93), (94) and get
¢j+1,m - QS?/QS]’I (95)
¢j+1 t ¢] t ¢] TT\9 62
— + == = : —4—1Ing; + 2\ 96
Give  Gie ya) oM (56)
where j = 1,2,3,---, (mod N). The periodic fixed points continue to define a

strong Backlund transformation since

Pjv1at = Pjyite

continues to imply that the set {¢;,j =1,2,3,---, (mod N)} are solutions of (75).
Now, define the variables ; = ¢,,/¢; and find that (95) is &;11&; = ¢j/¢pj+1. By
logarithmic differentiation
ira/ & T &/ = & — §im (97)
where j =1,2,3,--- (mod N).

We claim that (97) is a completely integrable hamiltonian system.
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First, we introduce the circulant matricies [33] A and B where

A = circ[1,1,0,---,0]

B = circ[1,-1,0,---,0]. (98)
We note that det B = 0 for any N and the null vector of B is (1,1,---,1)". We also
define the variable 5 = (B4, Ba,- - -, fn)" where 3; = In¢;. Then, system (97) is
AB, = BE. (99)
Applying the null vector of B to (97) we find the Casimir integral
N
Hy = H &;- (100)
7j=1

The complete set of independent integrals in involution for the system (97) are
(101)

Hy_9m = L™ o Hy

,where
N 82 ( )
L= ——. 102
; 00811

To see this we need the following identities, for each j
fjﬁ-Lm o HN =L"o HN — maj(aj,1 + 8j+1)Lm71 ©) HN (103)

- 3j+1)Lm o} HN- (104)

§0j(0j-1 = 0511) L™ o Hy = (01
Then
0/0,(L™ o Hy) =>_ & 4(0; 0 Hy)
:Zgj’ g‘]a LmOHN
3
:—ngj’ 0j-1+ 0j41) L™ ' o Hy

= —m Z(%_,CE + iy‘-l-lx)a 8 +1Lm71 (e] HN
J Jj+1

=—m} (& = &+1)0; ay+1Lm oHy
= —ngj ]+1 )Lm OHN
““oHy

= Y (Byer - B, )L
= 0.
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The higher order flows

~

AB, = Bdiagl&y, - -+, En|V Hy, (105)
;where £k = NN -2, N —4,---, 3; = In§;, can be shown to commute by an argument
similar to that above.
If N is odd then A is invertible and Q@ = A™'B = [0,-1,1,—1,1,---,—1,1] is
anti-symmetric. The anti-symmetric matrix
M = diaglé,, -, éx]Qdiagléy, - -, €] (106)
defines the bracket
{G,H} = (VG)tMéVH (107)
and the systems (105) are
§o = MV Hy,. (108)

4.2 CONSTRAINED FLOWS

If N is even the flow is constrained by the contraction with the null vector of A,
ap =[1,—1,---,1,—1], with (97). The constraint is
N

0y =Y (-1)ig; =0, (109)

j=1
It can be shown that the flow for even N is equivalent to two copies of the periodic

Toda lattice of period N/2 [34].
The constrained flow can be shown to have the form

1 .
F{Cn Hl}dmg[&, Ty fN]V.gC1
1

~

gm = J§v§H1 -

where

Je = diag[&, - - En|Qpdiag[&a, - - - EN]
Qk+1 — BG

1
G = 2—circ[0, 2,-4,6,-8,---,—2 + 2n]
n
B = circ[1,-1,0,---,0].
The constrained higher order flows have the form
£ = QV L™ o Hy

where
Q) = BA" = circ[0,-1,0,---,0,1]

1 .
QV&H] = JngL ©) H] — E{Ol, Lo Hj}dmg[ﬁl, Tt 7€N]V§CI-

This identity verifies that the above form of the equations automatically preserves
the constraint.
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4.3 THE KAC-VAN MOERBEKE SYSTEM

In general, the periodic fixed points for the KdV equation can be transformed into
the Kac-Van Moerbeke system. That is, let

61,1:/61 61

A :
Ena/En &n

where
1

H=> v LoHy/Hy.

Let 0; = In(§;11/&;) and get the Kac-Van Moerbeke system

0, = QV,H
where Q = BA! and
H = Z el
For even N the constraint for equivalence with the KdV equation is
> (=1)0; = 0.

4.4 FACTORING THE KdV FLOW

The KdV flow factors on the finite dimensional invariant manifold

AB, = Bdiag[¢,, -, Ex]VH, (110)
A, = Bdiagl¢,, - - -, Ex|V H. (111)
The flows of the higher order flows factor according to (109) and
AB, = Bdiagl¢,, - - -, Ex|V Hy. (112)
Again, for odd N the KdV flow is

~

§x = M¢VH, (113)

& = M;VHs (114)
where {Hl,Hg} =0.
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4.5 TRANSFORMATION TO CANONICAL FORM

The hamiltonian systems defined above may be transformed to the canonical form
for hamiltonian systems as follows. To be specific, let N be odd,

~

£ = MVH,
and & = €% Find )
0, = QVyH
where Q = A='B and H = H(e). The eigenvalues of A, B, are
Bk — (17 rk, e Tk(N—l))t
where r = e(?™)/N  That is, A A
QB = Ak
Mo = (1= r%)/(1+1%) = —ioy,
where X R
B = 8 + ity
5k = (L, ¢ry Coky o 5 Ch(n—1))
tr = (0, Sk, S2k,*** Sk(n-1))
cx = cos(27k/N)
s, = sin(27k/N)
Then, with n =2m + 1

1 1 1 0 0
& — 1 c1 cm $1 Sm,
1 Com Com2 Som Som?2
find
0
h 0o I
t _ _
P'0OP =N Om ( 70 )
01

Om
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Let

o1/2
I =
o1/2
1 0 0
F = — : _J
1/2 : m
o T
0 ~
p | =F0
q

Then we find the canonical equations
D (0 —I .
(7),= (70" )vmen

1/ 2m
pj =07 cikbh
k=0

where

12 2m
gj =05 sk
k=0

m
01 =3 op > (sjkar — ciupr)
k=1

Therefore, our Bicklund variables are related to the canonical variables by the

finite Fourier transform.

5 Caustic surfaces, and Factoring the Laplace-Darboux trans-

formation

We are going to show, as a natural extension of the previous section, that the peri-
odic fixed points of Backlund transformations factor the flow of the two dimensional
periodic Toda lattice. The Toda lattice arises in the study of invariants of caustic
surfaces and the geometry of the Laplace-Darboux transformation.
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5.1 BACKLUND TRANSFORMATIONS

The KdV and Boussinesq systems are instances of the general system in component
form [34]

So g St S e g (115)
& &n Eitp
where j = 1,2,... (mod N). The KdV systems correspond to p = 1 and the

Boussinesq to p = 2. Let the circulant forward shift matrix [33] be
C = circ[0,1,0,0,...,0].
In the N-vector form equations (115) are

[
&1 .
A : = B¢ (116)
N

én

with
A =1+C+...+CP
B =1-CFP.

The casimir integrals of (116) correspond to the null vectors of B. The null vectors
of A produce the constraints.
Associated with the principal Casimir, for any N

N
Hy =11¢
7j=1
we find the principal integrals of (116)
Hy—pmem = L™ 0 Hy (117)
,where m =0,1,2,... and
N
L=Y 00, .0,
7j=1
The systems (116) have a Hamiltonian structure
& &

3 §N

A

,Where H1 = Z;VZI é—j-
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The higher-order equations associated with the integrals (117) are

gl,z
&1 61

Al : | =B Ve Hx pm-m. (119)

§N,z
én &y

When A is invertible, then

O=A"'B

is an antisymmetric circulant matrix.
We have the systems

§o= Mg V¢ Hi (120)
and .
5,:1: = Mf Vg HN—pm—m (121)
where
&1 &
Mé = ' Q
En En

is the co-symplectic form.

5.2 THE LAPLACE-DARBOUX TRANSFORMATION

Darboux [20] has shown that the parameters (z, y) for surfaces in three dimensions can
be defined so the coordinates (z;) of the surface satisfy a partial differential equation
of the form:

0%2/0x0y + adz/0x + b0z /Oy + cz =0 (122)

,where (a, b, ¢) are functionals of the first fundamental form in the (z,y) parame-
ters.
Under the gauge transformation z — Az, the form of (122) is preserved and:

h = 0a/0x + ab — ¢
k=0b/0y+ab—c

are invariant.
The Laplace transformation of a surface is a partial factorization of (122) in terms
of the invariants[42].

21 = 0z/0y + az (123)
0z1/0x + bz = hz
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Equations (123) imply that z satisfies (122) and z; satisfies the system

0%21 /020y + a1021/0x + b,021 /0y + 121 =0

where

a; =a—0Inh/dy (124)
bl - b
¢ =c¢— 0a/0x + db/Oy — bOIn h/0y.

From (124) the Laplace transformation of the invariants is

hy = 2h — k — 8*In h/0x0y (125)
kl - h

Darboux [20] studied the periodic fixed points of the Laplace transformation and
found that these surfaces are related as a sequence of focal surfaces. From (125), the
periodic fixed points are

82 In h]/axay = —hj+1 + 2]7/] - hj—l (126)

, where 7 =1,2,3,--- (mod n) and n is the order of the fixed point. The substitu-
tion
hj = eli+1—0;

obtains the two dimensional periodic Toda lattice
Oay = —€t1 7% 4 eli~0i (127)

We next consider some results of Laplace, Darboux and Moutard [20] that at-
tempt to solve equation (122) through factorization of systems related by the Laplace
transformation. In the process one finds solutions of various fixed and free end Toda
lattices. The work of Laplace, as described in [20], dates from a paper published in
1773. The extensions of this work by Darboux and Moutard appeared from 1870 to
1880. The connections with surface theory and singularities of ray systems (caus-
tics) are described in [20] and proposed as a method for the classification of surfaces.
The simplest surfaces in this classification are surfaces whose caustics reduce to space
curves. These are the Cyclides of Dupin. Pictures of these can be found in Hilbert
and Cohn-Vossen [35]. These are conformally equivalent to tori. On the other hand,
the period two fixed point of the Laplace transformation describes surfaces of con-
stant negative curvature. The extension of this classification to the higher order fixed
points was a goal of Darboux’s program. In so far as I am aware this goal remains
unrealized.
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An example of the transformation of invariants is provided by the Fuler equation

B Y

Ze + 2y +——2=0.
c+y " xty? (v+y)?

Zey +

Under the Laplace transformation the sequence of invariants are
(a+7)B—-—1) —v
(z +y)?
kj - hj,1

When h; vanishes identically the associated equation for z; factors and can be inte-
grated by quadrature.
The period one fixed point of the Laplace transformation, h; = h obtains for z

hj =

Zay = 2
and with, h = e", the Louiville equation, for the invariant,
Wey = €.

The period two fixed point equation for the invariant h, = h, with h = e, obtains
the Sinh-Gordon equation.
Wy, = sinh(w).

When an invariant vanishes it is possible to integrate the entire sequence through
the equation with null invariant by quadrature. Let h,, = 0 be the invariant for

Zyy + A2y + bpzy + cpz = 0.

Then, using equation (126)

hj—l = 2h] - h]’+1 — In hj

duy

and, if h,,_1 =0, hp_s = 20— 83—;/ In#, etc. Let a, b, c be the coefficients of the original
system
Zyy + 02y +bzy +cz = 0.

Then b =b,, a = a, + a% In(hhy -+ hy) and ¢ = a; + ab — h. Let v = [(bydx — a,dy),

then the general integral of the original equation is

:_fbndxa o .._0 <7X /Y_7d>
o= hox hy0x  h,_10x X+ W

where X and Y are arbitrary functions of z and y, resp.
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In general it is said that an equation with invariant h = hg has rank n when
h, = 0. An equation has doubly finite rank if h,, = 0 and h_,, = 0 for some n, m. The
characteristic for equations of doubly finite rank is © = m + n. The characteristic is
an invariant of the sequence of equations for z_,,---, z,. It can be shown [20] that
Z_m and z, satisfy determinate ordinary differential equations in y and z, resp. The
solution of the equation with invariant A can be expressed in a form (without partial
quadrature)

= AX+AXO 4. A4 X™ L BY + BYW ... 4 B, Y™

where X and Y are arbitrary functions of x and y, resp. and the A; and B; are
determinate functionals of X, Y.

The above results of Laplace were reformulated by Darboux. For an equation of
finite rank, h,, = 0 the forms

HO =
(6 (6
H1 — r
Ay Qgy

Hy =1y oy Oy
Quy  OQyyg  Oyyzg

etc., where « is an arbitrary function of x,y, define the invariants, for 7 =0,1,2,---,

hn—j =
These invariants satisfy the Toda lattice

32
m In h]’ = h]’+1 — 2]7/] + h]’_l
with fixed end h,, = 0.
If the lattice is of doubly finite rank with characteristic 4 = v — 1 = m + n then
h_,, = 0 implies H, = 0. Or, the arbitrary function « satisfies the equation

o
(6] Oy I
Y ozy =0
aua . s . . s . azua
oy¥ oxv dyY
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From the functional form of this equation, the general solution is
o =1MeE+ -+ e

where 7n; and ¢; are linearly independent functions of = and y, resp. In effect, this
solves the fixed end Toda lattice.
If the invariants are equal, h = k, the equation is self adjoint and of the form

Zyy = AZ.

If this has finite rank in one direction, it has finite rank in both directions, Say,
h, = h_, = 0. The equal invariant condition h = k = h_; corresponds to a free end

Toda lattice )

%@y In hj = hj+1 - 2h] + hj,1
with free end at j = 0. The characteristic of this system is y = 2n. Moutard found
the general solution for systems of the above type by raising the charcteristic. This
is content of

Moutard’s Theorem

Let ¢ be the general integral and let w be an integral of

1 0%z
A = — =
(2) z 0x0y
Then, the general integral of
1 0% 1
(2) z 0x0y (w) !

is
2= (ke — Cu)dr — (G, — )y},

If the rank of the first equation is n, the rank of the second equation is n+ 1. That
is, h, = h_,, = 0 for the first, implies h,,; = h_, 1 = 0 for the second.

Furthermore, the general solution of any equal invariant system of finite rank can
be found by this procedure.

The work of Moutard is described in [20]. According to Darboux Moutard’s ma-
jor work on this topic was lost in the fires set during the suppression of the Paris
Commune in 1871. The work presented in [20] is a reconstruction based on earlier
published notes.

5.3 FACTORING THE TODA LATTICE

We now find Bécklund transformations for the Darbouz equations (126) and the Toda
lattice equations (127). With reference to systems (120) and (121), without loss of
generality normalize the casimir, Hy = 1, and set
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§o= Mg V¢ Hi (128)

~

§y= MgV (Hy—p-1/HN) (129)
,where Hy_,_1 = Lo Hy. Then, let & = €% ¥+ and find that (128), (129) imply

Vg = eVitr=¥i _ o¥i—Yi-» (130)
,where j =1,2,3,--- (mod N).
To see this let & = €% and find
é,:v = Vo H,
0,=0vG

where

G = Z e Vi=0i+1—0jtp

=3 1/&&11+&p = Hy—p—1/Hnw.
It can be shown that

o—01—02——0p

04 =CP(I—CP)I-C)

e On—01——=0p1

Let 6 = (I — C)1 and find (130).

When p = 1 (130) are the Toda lattice of period N. If N and p are relatively
prime (130) is again a Toda lattice of length N. If N = mp (130) is p distinct
lattices of length m. When N and p have common factors (130) there is one lattice
for each distinct orbit of translation by p (mod N). In all cases the set of fields
&, are directly related to the set of invariants H;. When A is not invertible we
find for equations (118) and (119) a similar connection with the Toda lattice. In
this case one must take into account the constraints that apply to these systems to
obtain a valid correspondence. A more comprehensive analysis of (118) and (119) as
completely integrable hamiltonian systems and the properties of their related surfaces
is currently in progress [36,37].

Consideration of the form of (120), (121) and the possible relations between p and
N determine that for a lattice of fixed length m there will exist an infinite sequence of
distinct Backlund transformations. For instance, we have a Backlund transformation
for a lattice of length m when N = pm forp=1,2,3,---.

Finally, the Backlund transformation for the Toda lattice that was reported in
ref.[38] corresponds in our formulation to the system (121) with p =1
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o= Mg Hy o

g,y = - ng Hpy_s.

6 Conclusions and Comments

The Painlevé test, as described in section 1, is proposed as a sufficient condition
for integrability. The Painlevé Property is a statement about how the solutions
behave as functionals of the data in the neighborhood of a singularity manifold and
not a statement about the data itself. Examples of this phenomenon are examined.
Expansions about characteristic manifolds are required to be single-valued. Essential
singularities are found to be determined by certain Ps: series involving non-constant
leading orders and resonances.

The singular manifold method finds Backlund transformations by truncating the
functional Laurent series after the constant level term. This results in the formulation
of modified equations in terms of the Schwarzian derivative. The Miura transforma-
tion between the modified and given system can be used to determine the Laz pair
and recursion operators for the gradients of conserved densities. The symmetries
of the modified equation and the invariance under the Moebius group are a form
of Backlund transformation for the modified equation. The periodic fixed points of
these Backlund transformations are finite dimensional invariant manifolds for the flow
of the system. The dynamics occurs as commuting hamiltonian flows on this finite
dimensional manifold.

Constrained Psi series expansions are applied to non-Painlevé systems. The con-
straints are expressed as nonlinear partial differential equations. We conjecture that
these are integrable and provide the integrable reductions of the original system.
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